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Let X= C, x Cz be the product of two nonsingular projective curves defined over 
a tinite field k = IF,. We compute the order of the Brauer group Br(X) of X. In the 
generic case, it is given by the resultant of the characteristic polynomials of the 
Frobenius endomorphism of the Jacobian variety J(C,) (I = 1, 2). divided by a cer- 
tain power of 4. In particular, if at least one component C, has ordinary Jacobian 
variety J(C,), then the order of Br(X) is equal to the resultant divided by y”u, where 
pq is the geometric genus of X. (’ 1986 Academic Pres. Inc 
Let X be a smooth projective surface defined over a finite field k = IF, of 
q =$ elements where p is a prime # 2. It is known (Deligne [ 31) that the 
zeta-function of X has the form 
Pl(X 73 P3(X 7-1 
z(*7 T)= P,(X, T) P2(X, T) P4(X, T)’ 
where P,(X, T) is a polynomial with rational integer coefficients of degree 
B, (the ith Betti number of A’) whose reciprocal roots have the complex 
absolute value q”‘. Let NS,(X) denote the Net-on-Severi group of X over 
k-that is, the group of classes of divisors defined over k on A’, modulo 
algebraic equivalence. One knows that NS,(X) is a finitely generated 
abelian group: accordingly, 
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where the rank p(X) is called the Picard number of X, and NSJX),,, is the 
torsion subgroup of NS,(X) (which is a finite group). 
Tate [lS, 19,201 has formulated a conjecture for X which is the 
geometric analogue of the celebrated conjecture of Birch and Swinner- 
ton-Dyer for an elliptic curve E over Q. In Tate’s conjecture, the 
HasseeWeil L-series L(E, s) of E is replaced by the zeta-function Z(X, q ‘), 
and NS,(X) takes the place of the group E(Q) of rational points on E. 
(T) The Tate conjecture (Tate [ 18, 19, 201). The Picard number p(X) 
is equal to the order qf pole of’ Z(X, q ‘) ut s = 1. 
Furthermore, a refinement of (T) has been conjectured by Artin and 
Tate. 
(A-T) The Artin-Tate Conjecture (Tate [ZO]). The Brauer group Br(X) 
of‘X is jmite and 
lim PAX 4 ‘) # Br(X) Idet(Di, Di)l 
5-1 (1 -q’~‘)“O-= q”‘X’[#NS,(X),,,]2’ 
where the quantities in the right-hand side are defined as ,follows: 
r(X): = x(X, ox) - 1 + dim( PicVar(X)) = pz - 6(X), brhere pn is the 
geometric genus qf X and 6(X): = dim H’(X, f$-dim(PicVar(X)) 3 0 
measures the defect of “smoothness” of the Picard scheme of X. 
{Oil 1 d i<p(X)} is a set of‘ generators qf NS,(X) module torsion and 
Idet(D,, D,)l denotes the absolute value of’ the intersection determinant of X. 
Assuming the validity of (T), Artin and Tate have proved that if the I- 
part Br(X)(I) of Br(X) is finite for at least one prime I #p, then Br(X)(non- 
p), the subgroup of Br(X) of elements of order prime to p, is finite and the 
conjecture (A-T) holds true for X up to a power of p. Milne [lo] has 
extended this result to include the p-part Br(X)(p) of Br(X), thus com- 
pleting the work of Artin and Tate. Lichtenbaum [7] has recently extended 
the work of Artin and Tate, and Milne to a variety Y of arbitrary dimen- 
sion d. His conjectured formula involves the whole zeta-function Z( Y, q “) 
and is formulated as follows. 
(L) The Lichtenbaum Conjecture. Let p(Y) be the Picard number of 
Y. Then 
lim (l-ql~‘)““‘Z(Y,q~“)= f x( K Go) 
,+I x( y, G,,,)’ 
where I( Y, G,) and x( Y, G,,) are defined as ,follows: x( Y, G,) means the 
Euler characteristic of the sheaf Go for the etale (or,flat) topology of Y, and 
x( Y, 63,) is defined in the analogous way with some modtfication, provided 
that the l-part qf H*( Y, G,,) is ,fi’nite ,for at least one prime If p. 
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The purpose of this paper is to compute the order of the Brauer group, 
# Br(X), using the ArtinTate formula. For this, we determine explicitly 
the arithmetical invariants appearing in the formula of (A-T), i.e, the 
Picard number p(X), # NS( X),,, , the integer a(X) and the intersection 
determinant. 
As the first attempt, we consider smooth projective surfaces X over k for 
which the validity of (T) has been established. The following is the list of 
such surfaces (to the best of the author’s knowledge): 
(a) Rational surfaces. 
(b) Abelian surfaces (Tate [19]). 
(c) Ordinary K3 surfaces (Nygaard [ 141). 
(d) K3 surfaces of finite height (Nygaard and Ogus [ 151). 
(e) Elliptic K3 surfaces (Artin and Swinnerton-Dyer [2]). 
(f) Fermat (hyper) surfaces (Tate [lS], Shioda and Katsura [16]). 
(g) Product of two algebraic curves (Tate [ 193). 
(h) Any surface X for which there is a finite etale mapping X-t Y, 
where Y is any one of the above surfaces, or any other surfaces for which 
(T) is valid. (For example, unirational surfaces, Kummer surfaces, any sur- 
faces which lift canonically to surfaces in characteristic 0 with pn=O, or 
pn = 1 and IC = 0 (IC denotes the Kodaira dimension).) 
In this paper we shall confine ourselves to smooth projective surfaces 
over k which are product varieties. Let C, and C, be smooth, projective, 
connected, algebraic curves over k of genus g, 3 1 and g, 3 1, respectively. 
The product X: = C, x C, then defines a smooth projective surface over k 
of geometric genus pn = g, g,, such that X is connected. Let f‘( C;, T) denote 
the characteristic polynomial of the Frobenius endomorphism of the 
Jacobian variety J(C,) of Ci, relative to k (i= 1, 2). 
We discuss in Section 2 algorithms for the computation of p(X). We 
show that p-adic analysis off(Ci, T) (i= 1, 2)-slopes and multiplicities of 
the Newton polygon off( C,, T) (i= 1, 2) yields effective lower and upper 
bounds for p(X), and in particular, they solely determine p(X) in the 
generic case (Theorem (2.3)). (Presumably for randomly chosen non- 
singular projective curves C, and Cz, the product X= C, x C, turns out to 
be a generic surface, i.e., p(X) = 2.) The farthest upper bound for p(X) is 
Bz=2+4pr. A surface X = C, x C2 is defined to be supersingular, if 
p(X) = B,. We give characterizations of supersingular surfaces X= C, x C, 
over k, e.g., X= C, x C, is supersingular if and only if both components C, 
(i= 1, 2) have supersingular Jacobian varieties (Theorem (2.5)). If 
X= C, x C, is neither generic nor supersingular, we use Tate’s theorem 
(Theorem (2.9)) or its p-adic variant (Theorem (2.6)) for computing p(X). 
For X=CxC with C of genus 831, we have 2+2g<p(X)<2+4g2 
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(= B2), and furthermore we show that if the characteristic polynomial 
f(C, T) is irreducible over Q, then p(X) = 2 + 2g (Theorem (2.10)(b)). For 
the torsion subgroup of NS,(X), a theorem of Lefschetz asserts that 
NS,(X),,, is trivial, therefore #NS,(X),,, = 1. 
With the exact value of p(X) at our disposal, we can evaluate the quan- 
tity appearing in the left-hand side of the formula of ArtinTate. We show 
that it is expressed in terms of the resultants of Q-irreducible factors of 
f(C,, T), and ,f’(C,, T) (Theorem (3.1) and Remarks (3.3)). Some par- 
ticularly interesting cases-that is, the generic case and the product 
X= C x C, are illuminated (Proposition (3.2)). These results are collected 
in Section 3. 
In Section 4 we give an account for the calculation of the need integer 
(x(X) =P,? - 6(X). We assume that the formal Brauer group Br(X) is 
representable by a formal group over k. We show that this integer a(X) can 
also be determined from the numerical data--that is, slopes and mul- 
tiplicities of the Newton polygon of f‘(C;, T) (i = 1, 2) in certain cases; in 
particular, we prove that m(X) = pn (or equivalently, S(X) = 0) if and only if 
at least one component C, has ordinary Jacobian variety J(C,) (in the sense 
that its p-divisible group j(C,) is isogenous to g,(G,.,+ G,,)) (Theorem 
(4.6)) (cf. Ekedahl’s theorem asserting that X= C, x C, is HodgeeWitt if 
and only if one of the factors C,, Cz has ordinary Jacobian variety and the 
other factor is HodgeeWitt. For details of this and related results, see 
Illusie [6] and also Katz 151). 
These results lead to the explicit determination of the order of the Brauer 
group, which are recorded in Section 5. We prove that for a generic surface 
X= C, x C,, # Br(X) is effectively computable in terms of the resultant of 
,f( C, , T) and,flCz, T), divided by a certain power of q: the precise result is 
#Br(X)=& Resultant(,f(C,, T),.f(C,, U), 
and if, furthermore, at least one component Ci has ordinary Jacobian 
variety J(Ci) then # Br(X) is equal to the resultant (f’(C,, r),f’(C,, T)) 
divided by qpx, and thus is an isogeny invariant (Theorem (5.1), Remarks 
(5.2) (b) and Examples (5.3)). For X= C x C with C of genus g 3 1, assum- 
ing the irreducibility of f(C, T) over Q, we show that the product of 
#Br(X) with the intersection determinant of X can be expressed in terms 
of the discriminant off(C, T) divided by a certain power of q: the precise 
result is 
# WW Idet(D,, D,)l 
1 
qP’ Y + R(X) Discriminant(f( C, T)) (Theorem (5.9)). 
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In this case, we, furthermore, show that the intersection matrix of X can 
also be determined from f(C, T) (Theorem (5.9)). More generally, for a 
surface X= C, x C, with C, and C, of the same genus, we determine a set 
of algebraic 2-cycles on X over k which forms a basis for NS,(X) 
(Proposition (5.7) and Theorem (5.8)). 
As a byproduct of the calculation of a(X), we prove the ArtinMazur 
cxnjecture for X= C, x C, in the affirmative, under the hypothesis that 
Br(X) is representable by a formal group over k (Theorem (4.8)). Let r and 
h denote, respectively, the dimension and the height of Br(X) modulo 
unipotent groups. Then h is finite andA d Y < h. Moreover, the 
Artin-Mazur-Igusa inequality holds true for Br(X)/unip. gr.-that is, 
h>p, and p(X) < B, - 2h (Proposition (4.7)). 
As its complement, Artin and Mazur [ 11 have conjectured the following 
(A-M) p(X)= B, if and only if G(X) is unipotent. 
This conjecture is proved here in the affirmative for X= Ciz C, over k. 
Throughout our discussion on the formal Brauer group Br(X), we have 
assumed its representability by a formal group over k. This hypothesis 
turns out to be rather subtle. In fact, we encounter many pathologies: 
There are suxfaces X= C, x C, for which h <pK; accordingly, for those sur- 
faces X, Br(X) are not representable by formal groups over k 
(Theorem (4.9) and Examples (4.10)). 
Some selected examples are discussed. 
The problem remains intact for the calculation of a(X) =pg - 6(X) in the 
cases 6(X)>O. We have the identity 
p,-r=d(X)+s (Proposition (4.4)) 
and the computation of s requires explicit information on the torsion part 
of the SerreeWitt vector cohomology group H2(X, %“). Recent develop- 
ment in the theory of De Rham-Witt cohomology groups, notably, 
Ekedahl’s Kiinneth formula, may enable us to compute 6(X), s and hence 
a(X) explicitly. We hope to come back to this problem in future 
publications. 
Some results of this paper were presented at New York Number Theory 
Seminar, at the Graduate Center, CUNY on February 14, 1984 (see Yui 
~241). 
NOTATIONS AND REVIEWS OF NECESSARY RESULTS 
For a finite set (group) S, #S denotes its cardinality (order). 
Denote by k the finite field [F, of q = #elements where p is an odd prime, 
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by k x the multiplicative group of k, and by k the fixed algebraic closure of 
k. For each n E N, k, denotes the unique extension of k of degree n. 
Let r= Gal(k, k) denote the Galois group of k over k. f has the 
canonical generator c (the Frobenius automorphism defined by ~(8) = CP 
for M E k). Denote by W (resp. 6’) the ring of infinite Witt vectors over k 
(resp. k), and by K (resp. K) the field of quotients of W (resp. m). One 
knows that the Galois group Gal(K/K) is canonically isomorphic to 
f = Gal(k, k). 
For a prime 1 (I = p = char(k) is included), let Z, denote the ring of I-adic 
integers, Q, the field of quotients of Z,, Q, the algebraic closure of Q, and 
Z, the integral closure of Z, in Q,. 
All p-adic valuations discussed here are additively written and 
appropriately normalized. 
If V is a smooth projective variety over k of dimension d, P: = V Ok k 
denotes the corresponding variety over k. 
Let 1 be a prime #p. The I-adic etale cohomology groups H’( V, Q,) of 
V/k are finite dimensional vector spaces over Q, for 0 d Y d 2d, and are zero -_ 
otherwise. The Frobenius endomorphism @J of V/k induces the 
endomorphism of H’( V, Q,) denoted again @. Let I’,( V, T) =det 
(1 - @TI H’( V, a,)) be the characteristic polynomial of @. Then P,( V, T) is 
an integral polynomial of degree B, (the rth Betti number of V), and with 
constant term 1. If we write P,( V, T) = np~, (1 -CC,, T) with SI,, E @, then 
lIc(rj II camp = q”*. The Galois group r= Gal(k/k) operates on H’( v, Q,). For 
any iEZ, we define the ith twist of H’( P, Q,) to be the f-space 
H’(v, O,(i)) := H’(v, Cl,) Or, V,(G,,,,)@‘, where W= {limp,.) Or,Q, 
with IP,~ denoting the group of I” th roots of unity for all IZ E N. 
Let I = p = char(k). The crystalline cohomology groups 
H&,( V/W), = H&,,( V/W) 0 w K are finite dimensional vector spaces over 
K for 0 < Y < 2d, and are zero otherwise. Let @ denote the endomorphism 
of H&( V/W), induced from the Frobenius endomorphism @ of V/k. Then 
its characteristic polynomial det( 1 - @TI If&,( V/W),) coincides with the 
polynomial I’,( V, T). For i,j~ Q with 0 < i,<j, H&,( V/ W),,,,,,, denotes the 
part of H&,,( V/ W), with slopes in the interval [i,j]. (An Interval [i, j), 
(i,j), or (i,j] may be used in place of [i,,i].) 
If I/ is a nonsingular projective curve over k, let J(V) be its Jacobian 
variety over k. We remark that H&( V/W) = H&,,(J( V)/ W) and that the 
characteristic polynomial of @ on H&,,(J( V)/ W), coincides with the 
polynomial P,(V,T)=det(l-@TIH&,,(V/W),)= det(l-@TIHL(v,QI)). 
The SerreeWitt vector cohomology groups H’( V, ?Y) are zero except for 
O<r<d, and H’(V, W),=H’(V, W”) OwK is isomorphic to - - 
fc,,,( v w- )R[O. 1)’ 
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1. THE ZETA-FUNCTION AND NUMERICAL CHARACTERS OF X 
Let Ci be a smooth, projective, connected, algebraic curve defined over k 
of genus gi > 1 (i = 1,2). The product A’: = C, x C, then defines a smooth 
projective surface over k, such that 8 is connected. 
The zeta-function of X, which is one of the most important arithmetical 
invariants of X, can be deduced from the zeta-functions of components C, 
and C,. First, recall that the zeta-function of C, is of the form 
.f(C,. T) 
z(ci’ T)= (1 _ T)(l -qT)’ 
wheref(Ci, T) is the characteristic polynomial given as 
f(Ci, T)= 
i 
det(1 - @T( H’(C,, QI)) if lfp 
Wl - @Tl f&,(CJWK) if l=p 
(i= 1, 2). 
The Riemann hypothesis for curves asserts that ,f(C,, T) is a polynomial 
with rational integer coefficients of degree 2g, (i= 1, 2) and if we write 
AC,, T)= n (1 -%T), CiiE @ 
i= I 
and 
f(C2, T)= 3 (l-fljT)y B/EC, 
,=I 
then the reciprocal roots cli (i = l,..., 2g,) and 8, (j = l,..., 2g,) have the 
absolute value q ‘I2 in any complex embedding. 
(1.1) LEMMA. With the above notations in force, the zeta-function of X 
has the form 
Z(X, T) = f’,(X T) P,(X qT) 
P,(X, T) PAX, T) P,(X, q2T)’ 
where P,(X, T) (i = 0, 1, 2) are polynomials with rational integer coefficients 
given as follows: 
P,(X T) = 1 - T, f’I(X T) =f (C,, T)f (C,, T) 
and 
PAX T)=(l -qT)’ n fl (1 -u,B,T). 
,=I ,=I 
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Proof. We know that P,(X, T) (0 < i < 4) are characteristic polynomials 
of the endomorphism @ on H’(X, Q,) (if f#p) and H&,(X/W). (if I=p). 
We apply the Kiinneth formula to these cohomology groups. Since the 
characteristic polynomials of @ are multiplicative on direct sums, we have, 
e.g., 
P,(X, T) = det( 1 - @TI H’(X, Q,)) 
= det( 1 - @TI H’(C,, a,)@ @(s’,, a,)) 
xdet(1 -@TI H’-‘(c,, Cl,)@ H1(ci?, Q,)) 
xdet(l -@TI ff”(C’,, Q,)o H’(Ci2, Q,)). 
As dimo,H”(C,, Q,)=dimo,H’(C,, Q,)= 1, and dimo,H’(C,, Q,)=2g, 
(i= 1, 2), the polynomials P,(X, T), P,(X, T), and Pz(X, T) then are given 
as claimed. The polynomials P3(X, T) and P4(X, T) are deduced from 
Pl(X, T) and P,(X, T), respectively, by the Poincare duality on H’(X, Cl,). 
Q.E.D. 
(1.2) COROLLARY. The numerical characters qf X = C, x C, are com- 
puted as ,follows. 
(a) The geometric genus of X : pp =g, g,. 
(b) The Betti numbers of X : B, = B, = 1, B, = B, = 2(g, +g,) and 
B,=2+4p,=2+4g,g2. 
(c) The Euler-PoincarP characteristic of X : E(X) = Cp=, ( - 1)’ 
x Bi=4(g, - l)(g2- 1). 
(d) The dimension of the Picard variety of X : dim(Pic Var(X)) = 
g1 +g2. 
(e) The arithmetic genus of x : Pa = x(X QYX) - 1 = g, g, - 
(g, +g,) - 6(X), where 6(X) is the defect of “smoothness” of the Picard 
scheme of X defined in the Introduction. 
(Note that 6(X) >, 0 as the Picard scheme of X in characteristic p > 0 is 
not always reduced.) 
2. THE N~RON-SEVERI GROUP OF X 
In this section, we consider the group of algebraic 2-cycles on X-that is, 
the N&on-Severi group NS,(X) of X. One knows from the general struc- 
ture theorem that NS,(X) is a finitely generated abelian group; accor- 
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dingly, NS,(X) g izpcx) @NS,(X),,,. A theorem of Lefschetz furthermore 
asserts that NS,(X) is free. Therefore, NS,(X)g Zp’x) and NS,(X),,, = (0). 
As (T) holds true for X, the following quantities are all equal (Tate 
PO1 1: 
(1) The Picard number p(X), 
(2) The order of pole of Z(X, qPS) at s= 1, 
(3) The multiplicity of q as a reciprocal root of Pz(X, T), and 
(4) The dimension of the r-invariant subspace [H2(X, Q,(l)]’ of 
H2(X, Q,(l)), where r= Gal(k/k). 
Our problem now is to find effective algorithms for computing p(X). 
Step 1. Determine the characteristic polynomials f (C,, T) (i = 1, 2). 
The characteristic polynomial f (C, , T) can be determined, for instance, 
by making use of the well known formula: 
N, = 1 + q” - f (cc; + (q/o(,)“) (n = l,..., gI), 
i=l 
where N, denotes the number of k,-rational points on C,. Similarly, 
f (C,, T) can be constructed by the same method. 
Step 2. Determine the numerical data “slopes and multiplicities” oj 
H&,(X/W), (or equivalentl-v, the slopes and multiplicities qf the Newton 
polygon of PAX T)). 
For this, we study p-adic factorization of the polynomials ,f(C;, T) 
(i= 1,2) and P2(X, T). Denote by J(Ci) the Jacobian variety of Ci 
(i= 1, 2). We may assume without loss of generality that J(C;) is defined 
over k (i = 1, 2). Let j(C,) denote the formal completion of J( C,) at the 
identity (i = 1, 2). Then J(Ci) is representable by a p-divisible group of 
dimension gj and of height 2gj (i = 1,2). Furthermore, a theorem of Mazur- 
Messing [9] asserts that the Dieudonne module, ED($C,)), of j(C,) is 
canonically isomorphic to the crystalline cohomology group 
H&(J( C,)/ W) = H&( CJ W). The numerical data “slopes and mul- 
tiplicities” of H&,,(C,/ W), (i = 1, 2) are determined by theorems of 
Dieudonne [4] and Manin [8]. 
(2.1) LEMMA. Let v be the p-adic valuation of Z, normalized by 
v(q) = v(p’) = 1. Suppose that 
2m AT2 
fC,, T)= n (1 --;T), r& and f(C,, T)= n (1 -tjT), tj~zP. 
i=, j= I 
For a rational number C,E [0, 11, let r,,., denote the number of roots of 
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f( Ci, T) with v-adic order ci (i = 1, 2). Then j( C;) is isogenous to a p- 
divisible group of the form 
^ 
J(Ci)~rjo(Gl,o+Go.,)+ C 2(G,,,.~1 <,I 
<,tto. II21 .f 
with Cc,EC0,112, ric,=gi (i= 1, 2). 
Consequently, the slopes of H&,(C,IW), are the v-adic orders qf the 
eigenvalues of @, the multiplicity of a slope ci E [0, 1 ] being the number r,(, 
of eigenvalues of v-adic ordinal ci (i = 1, 2). 
Now the “slopes and multiplicities” of H&,(X/W). can be determined 
from the numerical data of the components. 
(2.2) PROPOSITION. With the notations of‘ Lemma (2.1) in force, let 23 
denote the set 
For any rational number dE [0, 23, let B“ be the subset qf % defined by 
23"= {(z,, 4;)~Bj v(T,)+ v(t,)=d;.. 
Then 23 is the disjoint union of 23"'s: 
!B= u (Bdu~B2-~‘)u23’ 
t/E co. I) 
with #‘Bd= #$2pdfor any dc[O,l]. 
Consequently, we have 
and this decomposition gives the slope sequence (arranged in strictly increas- 
ing order) with multiplicities of H&,(X/W),. 
Proof We combine Lemma (2.1) with the Kiinneth formula for 
H&JW% to get 
PAX T) = det(l - @TI H,2,,,(~/W),)) 
&I Q2 
=(l-qT)‘n n (l-t,5jT)~Z~[T]. 
j=, j=, 
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Collect together all eigenvalues tit, of @ of the same v-adic ordinal 
dE [0, 1 ] and form 
Rd(T):= n (1 -r,(,T). 
(Sri t,, 
1’(T!C,) = cl
Then Rd( T) is a polynomial defined over Z, of degree # ‘Bd for d E [0, 1 ), 
and 2 + #23’ for d = 1. The Poincare duality for H&,(X/W), implies that 
P2(X, T) has also the polynomial 
R*-d(T):= n C1 -(42/Ti5j) T, 
(h5,) 
dd,) = d 
of the same degree as R,, as its factor over Z,. This yields the p-adic fac- 
torization of P2(X, T) in Z,[ r] and we have 
where Rd( T) # Rd’( T) for d # d’. The numerical data “slopes and mul- 
tiplicities” of H&,(X/W), are simply the slopes and multiplicities of the 
Newton polygon of P,(X, T): 
0 d do < d, < < d, < 1 < 2 - d, < . . . < 2 - d, < 2 - do < 2 
with respective multiplicities # 23’, # ‘Bdo, # LEVI,..., 2 + #!B’, # ‘!Bdr ,..., 
# BTd’, # %‘O and # 23’. Therefore, the results follow. Q.E.D. 
We now use these numerical data to compute p(X) explicitly. 
(2.3) THEOREM. We have 
(a) 26p(X)62+ #23’. 
(b) The following conditions are equivalent: 
(i) .?(C,) and j(C,) have no common components, 
(ii) #23r = 0, 
(iii) p(X) = 2. 
Proof. (a) Any element of 8’ can be put into the form quEzp with u 
a p-adic unit. As (T) holds ture for X, one then has p(X) = 
2+ #{qz&3’Iu= l}. Then the bounds for p(X) are obtained from the 
decomposition of the set B given in Proposition (2.2). 
(b) (i)o(ii) Suppose that (r, C)E%‘. Then v(z)+ v(c)= 1. This 
means that t and 5 are “dual” in the sense that if z belongs to a component 
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G,t,rc 1~ c) of j(C,) (CE [0, $1) then 5 must belong to the component 
Gfcl -,c),fc of .@,). As .f(C,) (i = 1, 2) are self-dual, this implies that j(C,) 
and J( C,) have a nontrivial common component G.f,.f(, ~ ( ) + G,, ~ c),fi. 
Conversely, if .?(C,) and &C,) have no common factor, then 23’ = @ by 
Proposition (2.2). 
(ii) o (iii) This follows from (a). Q.E.D. 
(2.4) Remark. We call a surface X= C, x C, generic if p(X) = 2. In the 
generic case, the slopes of H&,,(CJ IV), (i = 1, 2) solely determine p(X). 
Presumably for randomly chosen nonsingular projective curves C, and C, 
over k, the product X= C, x CZ turns out to be generic. 
The farthest upper bound for p(X) is B,. We call a surface X= C, x C, 
over k for which p(X) = B, a supersingular surface. Thus, for a super- 
singular surface X= C, x C2 over k, H2(& QI( 1)) coincides with 
[H2(Z, Qr(l))lr (cf. the begining of this section) and hence it is spanned 
by cohomology classes of algebraic 2-cycles on X over k. 
We now give characterizations of supersingular surfaces X= C, x C, 
over k. 
(2.5) THEOREM. Assume that k = F, with q =# “sufficiently” large even 
power. Then the following conditions are equivalent. 
(i) P(X) = B2, 
(ii) J(Ci) is isogenous to gj copies of a supersingular elliptic curve C 
over k of Weil number q1’2 (i = 1, 2) 
(iii) The Cartier operator S’: @‘(C,, Szk,) -+ @(C,, Q>;) vanishes 
(i= 1, 2). 
Proof. (We remark that the assumption k is “sufficiently” large means 
that the Frobenius endomorphisms on Ci, J( C,) (i = 1,2) and also on 
X= C, x C,, relative to k, become rational. Under this circumstance, it is 
necessary that q = fl is an even power of p.) 
(i)o (ii) p(X) = B,, if and only if P,(X, T) = (1 - qT)‘*, if and only if 
f(C;, T)=(l -q”2T)2yi (i= 1, 2), if and only if j(Ci)mgiG,., and J(Ci) is 
isogenous to gi copies of a supersingular elliptic curve C over k of Weil 
number q”2(i= 1, 2). 
(ii)o(iii) This follows from Theorem (4.1) of Nygaard [ 131. (See also 
Yui [ 221 for hyperelliptic curves.) Q.E.D. 
The p-adic analysis of P2(X, T) yields the effective bounds for p(X): 
2<p(X) d 2 + #‘B’ (Theorem (2.3) (a)). We can now formulate Tate’s 
theorem (T) for X= C, x C, in a p-adic form. Recall that the set ‘$3’ con- 
sists of elements of the form qu E 2, with u a p-adic unit. Therefore, u is a 
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unit in the ring IV (the ring of infinite Witt vectors over E), and further- 
more, u may be taken to be a root of unity. Then we know that the Galois 
group r= Gal(@k) is isomorphic to the Galois group Gal(K/K) where R 
denotes the field of quotients of IV, and it acts on the set 23’ = { qu E Z, 1 u a 
root of unity} according to its action on roots of unity U. Let [%‘I’ denote 
the r-invariant subset on 23’. Let (T be the canonical generator of I-. Let 
qu E 23’. Then we have o(qu) = qa(u) = q if and only if B(U) = 1. But CJ 
operates as the q”th power map with some n, so that c(u) = zP”. On the 
other hand, as u is a unit in m, we have a(u) = uy” = U. Hence a(u) = 1 if 
and only if u=l, and [%‘I’= {quEB’Iu= l}. 
Summing up, we obtain the p-adic variant of Tate’s theorem (T). 
(2.6) THEOREM. p(X)= 2+ #[23’]7 
Step 3. Factor the polynomials f (C, , T) and f( C,, T) over Q. 
We first recall a theorem of Tate [ 193. For X= C, x C, over k, one has 
the canonical decomposition 
NUJ’) = NS,(C,) x N%(G) x DC(C,, C,), 
where DC denotes the divisorial correspondences on X. Furthermore, 
DC(C, , C,) is canonically isomorphic to the group Hom,(J(C,), J(C,)) of 
homomorphisms of abelian varieties of J(C,) into J(C,) over k. It is well 
known that Hom,(J(C,), J(C,)) is a finitely generated free Z-module of 
rank r(C, , C,), where r(C, , C,) is defined as follows. Let 
.f(C, > T) = fl f’(T)“p’ and f(C,, T) = n Q(T)“‘“’ 
P 8 
be the canonical factorization of f( C,, T) and f (C,, T) into products of 
powers of Q-irreducible polynomials P(T) and Q(T), respectively. Then 
r(C,, Cd:= 1 r(P)s(f’)deg(P), 
P=Q 
where the sum is taken over all common factors P(T) = Q(T) off (C, , T) 
andf(G, T). 
(2.7) PROPOSITION (cf. Tate [ 193 ). We have 
r(C,, C,) = # C23’1’ 
and 
P(X) = 2 + r(C,, C,). 
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Proof We invoke a theorem of Tate [ 191 asserting that there is a 
canonical bijection 
where Hom,(.@C,), &CZ)) denotes the group of homomorphisms of p- 
divisible groups of j( C, ) into $CZ) over k. As Hom,(J( C, ), J( C,)) is a free 
Z-module and as Z, is of characteristic zero, we see that 
Hom,(J(C,), J(C,)) is of rank r(C, , C,) as a free Z,-module. On the other 
hand, Hom,(j(C,), j(C,)) is a Z,-module of rank # [%‘I? (In fact, by 
applying the same line of argument as proof of Theorem (2.3)(b), we have 
a bijection 
Furthermore, this map is compatible with the Galois action, and hence we 
get a bijection 
Therefore, we obtain the equality r(C,, C,) = # [23’]? The second asser- 
tion is an immediate consequence of this and Theorem (2.6). Q.E.D. 
Finally, to verify the correctedness of p(X) determined by Steps l-3, we 
rely on the following argument. 
Step 4. Factor the polynomials f(C’, , T) and f (C,, T) over C. 
Suppose that we have the factorization 
kl 2a 
f(C,, T)= n (1 -a,v and .f(C2, T)= n (1 -B,T) 
,=I J=l 
over @, then PJX, T) can be rewritten in the form 
P2(X T) = (1 - @I2 n n (1 - a;P, T) 
i=l,=l 
&I k2 
=(l -qT)2 n fl (1 -aiB,T) 
r=l j=l 
- 
(pi denotes the complex 
conjugate of pi) 
- (as pj = q/p, by the 
Riemann hypothesis) 
=(l-qT)2 n (l-qT) n (l$fqT). 
(i,i) (ki) J 
a = B, %ZP, 
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(2.9) THEOREM (Tate [19], see also Waterhouse and Milne [21].) 
dW=2+ #(k.m,=PJ. 
In particular, p(X) = 0 (mod 2). 
Now we consider a special case-that is, X= C x C is the product of a 
nonsingular curve C by itself over k. 
(2.10) THEOREM. Let X= C x C where C is a nonsingular projective 
curve over k of genus g 2 1. Let f (C, T) denote the characteristic polynomial 
of C. Then we have 
(a) 2+2g6p(X)d2+4g2 (=BZ). 
(b) p(X) = 2 + 2g iff(C, T) is irreducible over Q. 
(c) p(X) = 2 + 4g2 ( =B2), ifand onZy iff(C, T) = (1 - q1’2T)2R, ifand 
only ifJ( C) is supersingular. (In this case, k = IF, must be “sufficiently” large 
and q is an even power of p (cf. Theorem (2.5)). 
ProoJ (a) This is a corollary of Theorem (2.9). 
(b) If f(C, T) is irreducible over Q, then it is separable over Q. 
Hence the result is again a consequence of Theorem (2.9). 
(c) This follows from Theorem (2.5). (For the equivalence of the last 
two conditions, see Yui [22].) Q.E.D. 
To sum up, the following are the algorithms for computing p(X). 
Step 1. Determine the characteristic polynomials f ( Ci, T) (i = 1, 2). 
Step 2. Determine the slopes and multiplicities of the Newton polygon of 
P2(X, T). (This yields effective bounds for p(X), and in particular, this 
determines p(X) explicitly in the generic case, and also in the supersingular 
case. )
Step 3. Factor f (C,, T) and f (C,, T) over Q. (This determines the 
integer r(C,, C,) and p(X).) 
Step 4. Factor f( C, , T) and f( C2, T) over @. (This verities the 
correctness of p(X) determined in Steps l-3.) 
(2.11) EXAMPLES. (a) Let A’= C, x C2, where 
c, : Y2Z5 = x7 + xz6 + 2’ (resp. X7 - J/Z6 + 2’) 
and 
c,: Y2Z7 = x9 + x’z* + xz* + z9 
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are the hyperelliptic curves of genus g, = 3 and g, = 4, respectively, defined 
over the finite field k = IF,. Manin [S] has determined the characteristic 
polynomials 
f(C,, T)=l +6T3+337+j 
and 
(resp. 1 +3T+6T’+ 12r3+18T4+27T5+27T6) 
f(CZ,T)=l+3T+6T2+127’3+21~+36T5+54T6+81T7+81Tx. 
We can determine the structure of j( C,) (i = 1, 2) up to isogeny: 
.&74,,2+G2.1 and ~(C2)-G,.3+G3,1. 
Then the slopes and multiplicities of the Newton polygon of P2(X, T) are 
given by 
slopes 
7 11 13 17 
iPE<EiE 
multi. 12 12 12 12. 
Thus, we can conclude that #B’ = 0, and hence by Theorem (2.3)(b), 
p(X) = 2, i.e., X is generic. 
(b) Let X= C, x C2, where C, and C, are nonsingular projective 
curves of genus g, = 3 and g, = 4, respectively, defined over a finite field 
k = lF,. Then pn = 12 and B, = 50. Then we obtain the lower and upper 
bounds for p(X) by Theorem (2.3) (a), in fact, p(X) takes an even value in 
the range given in Table I. 
(c) Consider the product X = C x C, where C is the nonsingular pro- 
jective curve of genus g = 3 defined over the finite field k = F,, by the 
equation 
Y2Z5 = x7 + 2’. 
Then pz = 9 and B, = 38, and the characteristic polynomial is given as 
,f(C, T)= 1 -44T3+ 1137a, 
which is irreducible over Q. The 1 l-divisible group j(C) is isogenous to 
G,,, + G,,,. Then by Theorem (2.10) (b), p(X) = 8. 
(d) Let A’= C, x C,, where C, is the Fermat curve over a finite field 
k = iF, defined by the projective equation 
x;;+xy+xy=o, m33 (p,m)=l. 
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By analysing PZ(X, T) p-adically and using the p-adic formulation of Tate’s 
theorem (Theorem (2.6)), p(X) has been determined explicitly for m < 30. 
In particular, for X, with p z 1 (mod m), the closed formula for p(X) has 
been obtained. (For details of this and related results, see Yui [23].) 
(2.12) Remark. In view of the fact that the characteristic polynomials 
f( C,, T) (i = 1,2) are isogeny invariants, one sees that p(X) is also an 
isogeny invariant as it depends only onf(Cj, T) (i= 1,2). 
3. THE TRANSCENDENTAL I-CYCLES ON X 
In the previous section, we discussed the group NS,(X) of algebraic 2- 
cycles on X. In this section, we shall discuss its complement, that is, the 
group T(X) of transcendental 2-cycles on X. We define T(X) to be the lat- 
tice in the I-adic space 
T(X)OQ,:= H2(X, Q,(l))/NSk(X)OQ, 
= ff2(X Q,(l))/[Iff’(& Q1(1))1’ 
where I is a prime #p. One sees immediately that T(X) has rank 
A(X) : = B, -p(X) (the Lefschetz number of X). In view of Theorem (2.9) 
n(X) E 0 (mod 2). The polynomial P2(X, T)/( 1 - qT)“‘x’ is an integral 
polynomial of degree n(X). This polynomial appears in the left-hand side of 
the formula of Artin and Tate, and seems to be linked to T(X). Our aim 
here is to evaluate this polynomials with X= q-’ as s + 1. 
(3.1) THEOREM. Let 
f(C,, T)=,P(TpP) and f(C,, T)=n Q(T).‘cQ) 
P Q 
be the canonical factorization of f(C,, T) and f(C,, T) into products qf 
powers of @irreducible polynomials P(T) and Q(T), respectively. Then 
where a and b are rational numbers defined as follows. 
d(P)!d(Q)/2 Resultant(p( T), Q( 9) 
r(P)s(Q) 
, 
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where the product is taken over all pairs (P, Q) such that P and Q have no 
common roots, and 
d(pl((d~p,-l ),2 DiscriminanW TN 
r(pb(Q) 
, 
where the product is taken over all pairs (P, Q) such that P = Q. 
(Here d(P) (resp. d(Q)) denotes the degree of P (resp. Q).) 
Proof: Let ~1~ ,..., c(~~, and B1 ,..., /?2g, be the reciprocal roots off(C,, T) 
and f (C,, T) in @, respectively. Then 
lirn P2(X 4-v 
.s+, (1 -q’--sy(*) = ff, (l-;) l. J 
I! z 0, 
Let P(T) (resp. Q(T)) be a Q-irreducible factor off(C,, T) (resp. f (C,, T)) 
of degree d(P) (resp. d(Q)). Then P(T) and Q(T) are integral polynomials 
with the constant term 1 and the leading coefficients qdCP)/’ and qd(Q)j2, 
respectively. Let aI ,..., tldcPj and /?, ,..., Bdcaj be the reciprocal roots of P(T) 
and Q(T), respectively. 
Suppose that P(T) # Q(T). Then obviously, a, # B, for any pair (i,j) and 
we have 
= 
4 
d(P!,(pl,2 Resultant( TdCp) P 1 ( T)T Td”)Q (;)). 
Furthermore, by the definition of the resultant, we have 
Resultant( P( T), Q(T)) = qd(P)rl(Q) 
9 d(P)d(Q) 
= Resultant (T”i) P (-:>, TdCQ) Q ($)) 
(cf. Remark (3.3)(a)). 
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Suppose now that P(T) = Q(r). Let txl,..., adcp, be the reciprocal roots of 
P(T) in C. Obviously, ai # ai for i #j. Then we have 
= dll’iiliitPIP 1),2, Discriminant 
4 
(Here ( )’ denotes the derivative of ( ) with respect to T.) Again by the 
definition of the discriminant, we have 
Discriminant(P( T)) 
= d(P)(d(P) ~ 1) 
4 
4 
,lp,,l,,,P ,) Discriminant T 
( aprp($))} 
= Discriminant ( Tdcp) P (+)) (cf. Remark (3.3) (b)). 
Since the resultant is bi-multiplicative, that is, if g( T) and h(T) are manic 
Q-irreducible polynomials with no common roots, then 
Resultant( g( T)‘, h(T)“) = { Resultant( g( T), h(T))}‘“. 
A discriminant is a special case form of a resultant, so that this is also true 
for a discriminant. 
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Thus, we get the expression 
Q.E.D. as claimed. 
We now discuss particularly interesting cases. 
(3.2) PROPOSITION. (a) Suppose that X= C, x C2 is generic, that is, 
p(X) = 2. Then A(X) = 4pB = 4g,g, and 
f’-“l (1 _ q1 -S)PW) =-!-- Resultant(f(C,, T),f(C,, T)). q4xv2 
(b) Let X = C x C, where C is a nonsingular projective curve over k of 
genus g > 1. Suppose that the characteristic polynomialf (C, T) is irreducible 
over Q. Then p(X) = 2 + 2g, A(X) = 2g(2g - 1) and 
P*(X 4 ‘1 1 
f'-", (I-ql~-")p'X'=~Discriminant(f(C, T)). 
ProoJ These are special cases of Theorem (3.1) e.g., for (b) take 
P(T)=Q(T)=f(C, T). Q.E.D. 
(3.3) Remarks. Here we note some properties of resultants and dis- 
criminants which are relevant to our discussion. 
(a) Let g(T) and h(T) be polynomials over Z given as 
g(T)=c,T”+c,p,T++ ... +c, 
h(T)=d,T”+d, ,Tm-‘+ ... +d, 
with c,d,,, # 0, 
then the resultant of g and h is defined to be the determinant of the follow- 
ing (m + n) square matrix 
m 
I 
n 
C,, c,-, . ..cg 
0 c, . . . . c, 
0 0 ." 0 
d,,, d,p, ..,... 
0 d, . . . . . 
. . . . . . . . . . . . . . . . 
0 0 . . . . . . . 
c,, “‘. 
do 0. 
d, do 
. . . . . 
0 4, 
...... 0 
...... 0 
....... 
...... 
CO 
...... 0 
0 0 ... 
....... 
. . . . . . do 
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Now consider the resultant of T”g(l/T) and Tnh(l/T). Assuming that 
cod0 # 0, it is given by the determinant of the following (m + n) matrix 
m 
n 
() 0 ... co c, ........ c,, 
do d, ... d,n 0 ........ 0 
0 do ........ d,?, 0 ... 0 
0 0 . . do . . . . . . . . . . . d, 
The second matrix is obtained from the first one by permuting columns 
and hence it has the same determinant as the first one, up to sign. Con- 
sequently, 
Resultant( g( T), h(T)) = k Resultant 
(b) Let g(T)=c,+c, T+ ... + c,, T” E Z [ T] be irreducible over Q, and 
let 
g(T)=c,, fi (T-Y,), yiEc. 
i=I 
Then the discriminant of g(T) is defined to be 
Discriminant(g(T))=~F~’ i fi (yj-Yi). 
!=I./=1 
i#/ 
Now consider the polynomial T”g( l/T) = c0 7”’ + c, T”~ ’ + . . + c,. Then 
this is also irreducible over Q, and 
Discriminant (T”g (i)) = c?--‘F, fi, (i--i) 
If/ 
=c2n-2 
1 
0 fi fi (Yj-Yi) 
lY17=*.I'fnp2i=*j=* 
r#j 
if/ 
= Discriminant( g( T)). 
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We know that discriminant is a special form of resultant: 
Discriminant( g( T)) = Resultant( g( T), g’(T)) (g’ = wm 
and hence this yields the identity: 
Discriminant ( T”g (4)) = Resultant (T”g (+), (Tg (i))‘) 
A question arises: Does the following identity hold true? 
Resultant (T”g (i), T”g’ (+)) 1 Discriminant (Tg (-f>) 
It appears that the answer is “yes.” 
(3.4) EXAMPLES. (a) Let X= C, x Cz, where C, and C, are non- 
isogenous elliptic curves over k = [F,. Denote by N, and M, the number of 
k-rational points on C, and C,, respectively. Then the characteristic 
polynomials are given as 
f(C,, T)= 1 -(q+ 1 -N,) T+qT2 and 
f(C,, T)= 1 -(q+ 1 -M,) T+qT2. 
Hence we can compute that p(X) = 2, (so i(X) = 4) and that 
ResultWf(C,, TLf(C,, T)) 
=q{(q+ 1 -fvJ2+(q+ 1 -M,)2-2(q+ 1 -N,)(q+ 1 -M,)} 
= q(N, - M,)2. 
(Hence we get 
P2(X ry) 1 
,“-“I (1&qlL”)2=p (N, -M,)‘=f (Iv, -AI,)?) 
(b) Let X= C, x C2 be the surface defined in Example (2.1 l)(a). 
Then X is generic as we have seen in Example (2.11) (c). Moreover, we can 
show that f(C,, T) is irreducible over Q (i = 1, 2). The resultant is com- 
puted to be 
Resultant(f(C,, T),f(C,, T)) = 28318 
(Hence this yields 
(resp. 243’s). 
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(c) Let X= C x C be the surface defined in Example (2.11) (c). We 
know thatf(C, T) is irreducible over Q, and hence p(X) = 8 (so A(X) = 30). 
The discriminant of f( C, T) is computed to be 
Discriminant(f( C, T)) = 2636731 1”. 
(Hence we obtain by Proposition (3.2) (b), 
P2(X, 11 -“) 263673 
!‘_“, (1 - 11’78 =-$26367311’2=F. 
(3.5) Remark. We note that the polynomial P2(X, T)/( 1 - qT)p’X’ is 
not always irreducible over Q. For example, consider the surface X= C x C 
discussed in Example (3.4) (c). For this surface X, the polynomial in 
question has the form 
P2(X, 7)/(1 - llT)*=(l + llT+ l12r2)6(1 +2.3.112p+ 116p)3. 
This seems to indicate that the group T(X) has a rather complicated 
structure. 
4. CALCULATION OF THE INTEGER a(X) 
In this section, we discuss calculation of the integer a(X). This integer is 
defined as 
where 
cc(X) = x(X, 0,) - 1 + dim(PicVar(X)) =pn - 6(X), 
6(X) = dim H’(X, &) - dim(PicVar(X)) 3 0 
is the defect of “smoothness” of the Picard scheme of X (as the Picard 
scheme of X is not necessarily reduced in finite characteristic) (Tate [20]). 
It appears that the right geometrical object interpreting this integer is the 
formal Brauer group of X. The formal Brauer group of X has been 
introduced by Artin and Mazur [I] as a generalization of the classical for- 
mal group Pit XI using the deformation cohomology. Let G, be the sheaf 
of units (the multiplicative group) and let %Yk denote the category of local 
artinian k-algebras with residue field k. Define the functor G2(X/k, CO,,,) by 
@‘(X/k, G,):= Ker(H’(X,, Gm) + H’(X/k, CD,)) 
with A E Ob(gk)), X,=X x k Spec A, and the cohomology is the etale 
cohomolo y. @*(X/k, G,) is called the formal Brauer group of X, and 
denoted 6 r(X). Assuming the representability of G;(X) by a formal group 
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(a connected p-divisible group) over k, Artin and Mazur [l] have shown 
that 
dim $(X)=pR=g,gZ, 
and that the Dieudonne module, D&X)), of g(X) is equal to the 
Serre-Witt vector cohomology group: 
D(iC(X)) = H’(X, W), 
and that H2(X, “JV) is finitely generated as a W-module, if and only if 
G;(X) is representable by a formal group over k of finite height. 
(4.1) LEMMA (Artin and Mazur [ 1 ] and Nygaard [ 133). 
fh-) . P 
Suppose that 
IS re resentableAby a formal group over k of finite height. Then the 
Dieudonne module D(Br(X)) of’&(X) . IS uniquely determined by H&,(X/W). 
That is, the part of H&,,( X/ W) of slopes less than 1 is canonically isomorphic 
to LCD@(X)). 
Proof The hypothesis that G(X) is a formal group over k of finite 
height implies that H&,(X/W) is torsion-free. Then by Corollary (2.7) of 
Artin and Mazur [l], D(‘&(X)) is equivalent to the part of H&,(X/W) of 
slopes less than 1, in the sense that they have the same numerical data. 
Furthermore, Corollary (4.4) of Nygaard [ 133 asserts that they are indeed 
canonically isomorphic (as F-crystals). For details of this, see Artin and 
Mazur [ 1 ] and Nygaard [ 131. Q.E.D. 
We note here that B/;(X) is not always representable by a formal group 
over k of finite height, in which case B&X) has unipotent part. Therefore, it 
sEms to be more appropriate to consider G;(X) modulo unipotent groups: 
Br(X)/unip. gr. 
(4.2) PROPOSITION. Suppose that s(X) is representable by a formal 
group over k. Then, with the notations of Proposition (2.2) in force, 
&(X)/unip. g r. is a formal group of dimension r and offinite height h where 
r= 1 (l-d)#Bd and h= C #!B3”. 
dsCO.1) de co, 1) 
Inparticular, O<r<p, andrbhdi{B,-2- #%I}. 
Proof By Lemma (4.1), the Dieudonne module [D(s(X)/unip. gr.) is 
isomorphic to the part of H$,,(X/W)/torsion, of slopes less than 1. 
Therefore, the slopes and multiplicities of H&,(X/ W)/torsion, or equivalen- 
tly, the slopes and multiplicities of the Newton 
If 
olygon of P,(X, T) deter- 
mine the dimension r and the height h of r(X)/unip. gr. In fact, by 
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Corollary (3.4) of Artin and Mazur [ 11, with the aid of Proposition (2.2) 
one can easily compute these invariants: 
and 
r= 1 (l-d)#B’ 
dt ro, 1) 
h = the horizontal length of segments of the Newton polygon of 
P2(X, T) of slopes less than 1 
= 1 #2v. 
dt [OxI) 
The first inequality follows from the fact that dim 6$X) =pp, and the 
second one from Proposition (2.2). Q.E.D. 
A (4.3) Remark. The dimension of the unipotent groups contained in 
Br(X) can be computed: 
dim 6$X) - dim 6r( X)/unip. gr. = pn - r. 
Since h 3 r, it follows that if h = 0, then r =0 and hence B;(X) is 
understood to be unipotent. 
(4.4) PROPOSITION (Milne [ 10, 111). Assume that 6$X) is represen- 
table by a formal group over k. Then, with the notations of Proposition (4.2) 
in force, the integer a(X) is given as 
a(X)=r+s, 
where s is the integer equal to any one of the following quantities: 
(a) The number of copies of the additive formal group G, in 6&X). 
(b) The length qf the ,jnitely generated p-torsion W[ [ VI]-module 
H2(X w1 0 W[[V]] W( VI). 
(c) The dimension of the unipotent connected component U’(p’) of the 
quasi-algebraic group H2(X, tp,“), where the cohomology is the flat 
cohomology, and 
(d) log # [H3(& Ttp)lr/log q, where H3(Z, Ttp) = bH3(& tp,), 
and [H3(x, Ttu)Ir is a finite group. Here f = Gal(k/k) and the cohomology 
group is with respect to (f.p.p.f) topology. 
(4.5) COROLLARY. Under the situation qf Proposition (4.4), we have 
OGpK-r=6(X)+sdpn. 
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In particular, the following conditions are equivalent: 
(i) s(X) has no unipotent part. 
(ii) G;(X) has finite height. 
(iii) H2(X, -ly-) is finitely generated as a W-module. 
(iv) The Picard scheme of X is smooth, that is, 6(X) = 0. 
Proof. The first part follows from the definition of a(X) and from 
Proposition (4.4). For the second part, one has r =pp if and only if 
s = 6(X) = 0, and this yields the equivalence of (i) and (iv). The equivalence 
of (i), (ii), and (iii) then follows from Corollary (4.4) of Artin and Mazur 
Cll. Q.E.D. 
Recently, Ekedahl proved the Ktinneth formula for the De Rham-Witt 
cohomology groups (see Illusie [6] for detail). As an application, he 
proved that for any proper smooth k-schemes Y, 2, the product scheme 
Y x Z is “Hodge-Witt” if and only if at least one factor Y or Z is 
“ordinary” and the other is “Hodge-Witt.” (See also Katz [A].) 
In the following theorem, we give a characterization of Br(X) of finite 
height, which may be considered as a variant of Ekedahl’s theorem in 
dimension two. 
(4.6) THEOREM. Assume that G(X) is representable by a formal group 
over k. Then, we have r = pn if and only {f at least one component Ci has 
ordinary Jacobian variety J(Ci) in the sense that the associated p-divisible 
group $C,) is isogenous to gi( G,,, + G,,,). 
Proof We may assume that j(C,) is ordinary. By Lemma (2.1), 
4c2)-r2, (G,,o+Go.,)+ c 
TtG 
/c2./(I -‘2) 
c2t [0,1!2) 
+ Gfcl cz).fi,2) +ir2,l,2) GLI 
with Cc,. ro, ~21 rzcz - -g,. We now compute r = dim %(X)/unip. gr. using 
the formula of Proposition (4.2). Recall that 
r= 1 (l-d)#Bd, where 233d= {(r;, rj)Iv(rj)+v(5,)=d}. 
dc co. I ) 
The assumption j(C1)~g,(GI,O+Go,l) implies that v(r,)=O for all 
i = l,..., g,. Therefore, we get 
1 (l-4 #W’= c C(l--c,)g,.r,,,+{(l-(l--c,))g,.r,,.,l 
ds [O,l) c2t ro, 1121 
= IX gl.rzc2=gl. C rc2=glg2=p,. 
(‘2t co. l/21 ‘ZE co. l/21 
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To prove the converse implication, observe first that 
r= 1 (1 -d)#2V= c (1-c,-c*)~,~,~!-*~2. 
ds co, I) C’, f c> = d 
dt co, I) 
<,t ro.1/21 
Now for any c, E [0, $1, we have 
(l-c,-~~)r,,;r~,~d(l-c~) gl.r2(?. 
This yields the inequalities 
r= c (1 -c,-c,)r,,.,.YZ~,2~g, c (1 -c?)Y&: 
c , + (‘2 = J (‘2 E [O. I. 21 
dt ro, I) 
<‘,E [O. I,‘21 
dg, c r2c.2=glg2=PI:. 
“2 E [O. L/2 1 
Hence if r =pR, then the equality must hold at each step. Therefore, c, = 0 
and rIc, = g, for all c, E [0, t]. But as C,, t co, ,21 r,(, =g,, this means that 
j(C,)-g,(G,,,+ Go,,) (cf. Examples (4.10), especially, the first row and the 
first column in Table II). Q.E.D. 
Now we discuss connections between the formal Brauer group 6$X) 
and the NeronSeveri group NS,(X). 
In characteristic zero, one has the Igusa inequality 
P(X) G B2 - 2~~. 
In characteristic p > 0, Artin anA Mazur [ 1 ] have pFved the analogue of 
the Igusa inequality involving Br(X): Suppose that Br(X) is representable 
by a formal group over k of finite height h, then the ArtinMazur-Igusa 
inequality 
p(X) d B, - 2h 
holds for X. Since h3pn in general, this inequality is stronger than the 
classical Igusa inequality. 
However, for X= C, x C,, s(X) is not necessarily representable by a 
formal group over k of finite height (cf. Proposition (4.2) and Remark 
(4.3)). Instead of the original Artin-Mazur-Igusa inequality, we have the 
following one. 
(4.7) PROPOSITION. Assume that G(X) is representable by a formal 
group over k. Let h be the height of &(X)/unip. gr. Then h is finite, and we 
have 
2,<p(X)dB,-2h<B,. 
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Proof. By Theorem (2.3) and Proposition (4.2), we get 
2<p(X)<2+ #B’=B,-2hdB,. Q.E.D. 
As the complement of the Artin-Mazur-Igusa inequality, Artin and 
Mazur [ 1 ] furthermore have conjectured the following. 
(A-M) THE ARTIN-MAZUR CONJECTURE. Suppose that G(K) is 
representable by a formal group over k. Then p(X) = B, zf and only (f WJ’) 
is unipotent. 
We can prove the Artin-Mazur conjecture in the affirmative for 
X= C, x C2 over k. 
(4.8) THEOREM. Assume that k = F, is “sufficiently” large. Then the 
following conditions are equivalent, under the hypothesis that f&(X) is 
representable by a formal group over k. 
(i) Any! one qf the conditions in Theorem (2.4) 
(ii) G(X) is unipotent. 
In particular, the ArtinMazur conjecture holds true for X= C, x C2 
over k. 
Proof (ii) =S (i) Assume that Br(X) is unipotent. Then by Remark (4.3) 
r = Cdt (0,1) ( 1 - d) # B3” = 0, which implies that # !-Bd = 0 for all dE [0, 1). 
Proposition (2.2) then asserts that 23 = %3)‘. Applying the same line of 
argument as the proof of Theorem (2.3) (b), we can conclude that 
$C,)*giG,,l (i= 1, 2). As k is “sufficiently” large (cf. Proof of Theorem 
(2.5)) J(Ci) then becomes isogenous to g, copies of a supersingular elliptic 
curve C over k of Weil number q”* (i = 1,2). 
(i) * (ii) This implication is obvious. Q.E.D. 
Throughout our,$iscussion up until now, we have always assumed the 
representability of Br(X) by a formal group over k. This hypothesis turns 
out to be quite sensitive; indeed, we encounter many pathological 
phenomena. 
(4.9) THEOREM. There exists a surface X= C, x Cz over k,for u,hich 
and 
h= 1 #‘B“<p,, 
dt (0. I ) 
B, - 2p, < p(X) 6 B, - 2h < B,. 
Consequently, for such a surface X= C, x C,, Br(X) is not representable 
by a ,formal group over k. 
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Proof: We construct such a surface X= C, x C, over k. 
(a) Let X= Cx C where C is the Fermat curve defined by the projec- 
tive equation 
over the finite field k = [F3,4. The curve C has genus g = 171. So X has 
pg = 29241 and B, = 116966. Yui [23] has determined the Picard number 
p(X) = 62228 < B,, and also the numerical data “slopes less than 1 and 
multiplicities” of Hfrys( X/ IV), : 
slopes 0 < + < s < j < 1 
multi. 9 288 3744 23328 62228. 
We can compute the dimension r and the height h of $(X)/unip. gr. as 
r = 7929 and h = 27369. 
This yields the inequalities 
27369 < 29241 and 
II II 
h Pn 
58484 < 62228 < 62228 < 116966. 
II II /I II 
B, - 2p, P(X) B,-2h B, 
(b) See Examples (4.10), especially the cases marked with *. Q.E.D. 
(4.10) EXAMPLES. Let X= C, x C, be the surface defined in Example 
(2.11) (b). Then X has pn = 12 anA B, = 50. The numerical invariants r and 
h are computed in Table II. If Br(X) is representable by a formal group 
oAer k, then they are, respectively, the dimension and the heigkt of 
Br(X)/unip. gr. The cases marked with * indicate surfaces X whose Br(X) 
are not representable by formal groups over k. This brings to mind a 
natural question: When I%(X) is not representable by a formal group over 
k, what are the geometrical interpretation of the invariants r and h? 
5. THE BRAUER GROUP OF X 
In this final section, we shall compute the order of the Brauer group 
Br(X) by the formula of Artin and Tate. 
Recall that Br(X) is an abelian group defined as the group of similarity 
classes of Azumaya algebras on X with the group operation 
[A][A’] = [ABA’], the identity element [[OX] and the inverse 
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[A ] - ’ = [A Opp]. Geometrically, Br( X) classifies classes of transcendental 
2-cycles on X, and it is canonically isomorphic to the torsion part of 
H2(X, G,) (cohomology is the etale cohomology). As (T) holds true for 
X= C, x C2, (A-T) is valid and hence Br(X) is a finite group. Furthermore, 
it is known (Tate [20] for Br(X) (non-p) and Milne [lo] for Br(X) (p)) 
that Br(X) is auto-dual in the sense that there is a canonical skew sym- 
metric bilinear pairing 2: Br(X) x Br( X) + Q/Z with kernel consisting 
exactly of the divisible elements, and that its order, #Br(X), is a square or 
twice a square. The order #Br(X) is deduced from the formula of 
Artin-Tate: 
# Br( X) = q’(x) lim P2(X 4 “1 I ,, j , (1 _ ql ye Idet(D;* D/)1 
We first consider the generic case. 
(5.1) THEOREM. Let X= C, x C, he a generic swface over k, that is, 
p(X) = 2. Then 
iitWX)=--p& Resultant(f( C, , T), .f( C,, T) 1. 
In particular, if at least one component C, has ordinary Jacobian variety, 
then 
#Br(X)=$Resultant(.f(C,, T),J’(C,, T)). 
Proof. In the generic case, the intersection matrix of X has the form 
(y A), whose determinant is obviously 1. Then the first assertion follows 
from Proposition (3.2) (a) noting that n(X) = 4p, = 4g, g, and 
a(X) = pn - 6(X) = g, g, - 6(X). The second result is an immediate con- 
sequence of Theorem (4.6) and of the above formula (as in that case 
6(X) = 0). Q.E.D. 
(5.2) Remarks. (a) Theorem (5.1) yields an amusing consequence that 
resultant(f(C,, T),f(C,, T)) is divisible by pi)(x)+‘+, and its quotient is of 
the form n2 or 2n2 with some n E Z. 
(b) In the generic case with 6(X) = 0, #Br(X) is an isogeny 
invariant, as it depends only on pn and ,f (C,, T) (i = 1, 2). 
(5.3) Examples. (a) Let X= C, x C, be the surface defined in Example 
(3.4)(a). Then p(X) = 2 and c(( X) = 1 (so 6(X) = 0), and we have 
#Br(X)=jResultant(f(C,, T),f(C,, T))=(N,-M,)2. 
(Cf. Milne [25].) 
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(b) We consider again the surface X= C, x C, over k = [F3 defined in 
Example (2.11) (b). We know that pn = 12 and that p(X) = 2. Moreover, by 
Example (4.10), a(X) can be computed: in fact, a(X) = 6 +s and hence 
6(X) + s = 6. This implies that 6(X) can take a value in the range [0,6]. 
Using the resultant computed in Example (3.4) (b), we get 
#BrP-‘) = & 2*318 = 2836P’(X) 1 243 18 2436 -resp. = ii(X) 3 fi(x)+ I* 
The fact that #Br(X) is a square or twice a square together with the above 
equality implies that 6(X) must be euen and that #Br(X) is a square. 
We now consider the supersingular cases. For a supersingular surface 
X= C, x C, over k, the formula of Artin-Tate takes the form as simple as 
the following: 
#Br(X) = qy’X’/(det(D,, D,)l 
Therefore, for the computation of #Br(X), it is rather essential that we 
have the intersection determinant of X as explicitly as possible, and also the 
exact value for a(X). 
We begin with the simplest situation. 
(5.4) PROPOSITION (cf. Shioda [ 173 for J‘= 2). Let k = IF, (q =pJ with 
2 ) f ) be “sufficiently” large. Let X = C x C, where C is a supersingular ellip- 
tic curve over k with Wed number q’l’. Then 
#Br(X) =p’-’ 
and Br(X) is a p-group. 
In particular, if k = [F,,z, then Br(X) = 10). 
ProoJ: We have pn = 1 and p(X) = 6 = B,. Moreover, N(X) = 1 (and 
6(X) = 0). Then by Artin-Tate formula, #Br(X) = -q/idet(D,, Di)l. We 
now compute the intersection determinant. Recall that the endomorphism 
algebra End,(C) BP Q is isomorphic to the quartenion algebra D, over Q 
which is ramified only at p and co. D, can be expressed as 
where 
p= -p, y*= -1 and Pv = -YP. 
For a prime 1 #p, own knows that D, Og, Q,= M,(Q,) (the (2 x 2) matrix 
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algebra with entries in Q,). Therefore, we may represent 1, p, y and j?v by 
the following (2 x 2) matrices with entries in UZJ,: 
I-(; $ k+(; ja). F( “, b); 
and 
with a2 + 6’ = -p. We know that End,(C) is the maximal order in D,. 
Choose a set of L-basis { 1, (1 + y)/2, (fl + /j’y)/2, all} for End,(C). Then we 
get 
21 0 0 
10 0 0 
A: = Discriminant(End,( C)) = 0 0 -p -p = -p*. 
lo 0 -p -2pI 
Moreover, the intersection matrix of X is of the form 
-Al 0 
t-- 1 0 
p-1- 
11 0 
and hence it has the determinant -p2. Thus, this leads to the conclusions 
# Br(X) =p’-‘, and that Br(X) is a p-group with order of even exponent. 
Q.E.D. 
(5.5) Remark. More generally, for a supersingular surface X= C, x C, 
over k, Br(X) is a p-group with order of even exponent. Also Idet(D,, D,)l 
is a power of p. These are immediate consequences of the formula of 
Artin-Tate. 
In the rest of this section, we discuss surfaces X= C, x C, over k, which 
are neither generic nor supersingular. 
(5.6) PROPOSITION. Let X= C x C where C is an ordinary elliptic curve 
over k. Then p(X) = 4 and Br(X) = (0). 
Proof By Theorem (2.10) p(X)=4. Let f’(C, T)= 1 -Tr(@) T+qT2 
be the characteristic polynomial of the Frobenius endomorphism @ of C, 
where Tr(@) denotes the trace of @ in its I-adic representation. 
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Then 
4 -Tr(@) 1 
Resultant(f(C, T), (f(C, T))‘) = 2q -Tr(@) 0 =q{4q-Tr(@)‘} 
0 29 -Tr(@) 
= q Discriminant(f(C, T)). 
As a(X) = 1, the formula of ArtinTate takes the following form 
# &(J’) = 4q - Tr(@)2 
Idet(Di, o,)I. 
We claim here that the intersection determinant is equal to 4q-Tr(@)2. 
But as NS,(X) is generated by the curves Cx {oc}, {oC} x C, d(the 
diagonal) and the graph I’@ of @, the intersection matrix of X can be com- 
puted using the same method as Shioda [ 173 as 
-2 Tr(@) I 
Tr(@) -291 0 
t ‘1 
------------ 
0 ’ 0 I 
I 1 0 
whose determinant is 4q-Tr(@)2, and this is what we wanted. Thus, 
Br(X) = (0). (Th e notation o, stands for the base point on C (the identity 
element of J(C).) Q.E.D. 
For a more general surface X= C, x C, over k with 2 < p(X) < B,, the 
computation of #Br(X), via the formula of Artin-Tate, requires the 
explicit information on the intersection determinant of X. The intersection 
matrix of X is one of the most subtle arithmetical invariants of X, and our 
problem now is, first, to determine a generating set of algebraic 2-cycles on 
X over k which is a basis for NS,(X), and second, to compute the intersec- 
tion determinant. 
Henceforth, we assume that C, and C, have the same genus 
g =:g,=g,> 1. Let di: C, + J(Cj) be the canonical embedding (i = 1,2) 
which we may assume to be defined over k. Recall that we have the decom- 
position (see Sect. 2) 
where 
N&(X) = NS,(C,) x WAC,) x DC(C, > C,), 
This means that any homomorphism c( E Hom,(J(C,), J(C,)) gives rise to a 
unique divisorial correspondence on X, I-,* say, and conversely, any 
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divisorial correspondence on X do come from a homomorphism 
CI E Hom,(J(C,), J(C,)). We now describe this correspondence. (For details 
of this, see Mumford [12].) The Jacobian variety J(C,) of C, is charac- 
terised by the existence of the canonical divisorial correspondence 
6, E Pic(C, x J(C,)) on C, x J(C,) such that 
where A:., x c, E Pic( C, x C, ) is the divisorial correspondence representing 
the class of Weil divisor Acl,c.l- {oc,} x C, -C, x {Ok,}, and A,.,.., is 
the diagonal on C, x C,. (Here o,., denotes the base point 4; ‘(o,(,;)) with 
o,,,!, the identity element of J( Ci) (i = 1, 2).) Then 6, possesses the univer- 
sal mapping property, that is, for all connected algebraic schemes Y and all 
divisorial correspondences q on C, x Y, there is a unique morphism ,f such 
In particular, taking Y = J( Cz) and q E Pic(C, x J(C,)) any divisorial 
correspondence on C, x J(C,), we get a unique homomorphism 
c? E Hom,($C,), j(C,)) such that 
where j(C,) denotes the dual abelian variety of J(C,) (i= 1, 2). Such 
a homomorphism di corresponds to the dual homomorphism C(E Horn, 
(J(C,), J(C,)) via the isomorphism Hom,(j(C,), j(C,))EHom,(J(C,), 
J(C,)). Furthermore, this yields the pull-back divisor 
(lc, xYM*(v)=(lc., x4&)*(6,) 
which is a divisorial correspondence on C, x C,. We call this divisorial 
correspondence the “graph” of M, and denote it f ,* This construction may 
be illustrated by the following diagram: 
Pic(C, x C,) 4 
I’<, X41)* 
Pic(C, x J(C,)) 
Pic(C, x C,) c 
(I(, x42)’ 
Pic( C, x J( C,)) 
c YI 
We sum up the above discussion in the following form. 
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(5.7) PROPOSITION. Let X= C, x C, where C, and C, are nonsingular 
projective curves over k of the same genus g 2 1. Let (a, ,..., apcX, 2} he a set 
of Z-basisfor Hom,(J(C,), J(C,)). Let D= C, x {oc2>, D’= {Ok,} x C, and 
let rz, be the graph of ai for i= l,..., p(X) - 2. Then {D, D’, I$ 
i = l,..., p(X) - 2) form a basis for NS,(X). 
(5.8) THEOREM. With the hypothesis and the notations of Proposition 
(5.7) in force, put 
D,* : = rz - D - deg(cr,) D’ for i = l,..., p(X) - 2. 
Then {D, D’, 0: ; i= I,..., p(X)- 2) form a Z-basis for NS,(X) and the 
intersection matrix of X has the form 
(D?,D,*) I 0 
I--- , 
-- i 
(D?, D;) = CD:, of), 
0 
/o 1 
I1 0 
(DT, DT) = -2g deg(a,) for i = l,..., p(X) - 2, 
(D;, D,)=deg(cr,-or,)-deg(cc,)-deg(oc,) for 1 <i,j<p(X)-2(i#j). 
ProofI Clearly, we have 
D2=D’2=0 and (D, D’) = (D’, D) = 1 
Now we define the “degrees” d, and d, of a divisor Y on X by letting 
d,(Y)=(Y, D) and d,(Y)=(Y, D’). 
(Roughly speaking, d,(Y) (resp. d2( Y)) is the number of sheets of Y viewed 
as a covering of C2 (resp. C,). It then follows immediately that 
(D, r:) = d,(r:) and (D’s C,, = d,(C<) 
for all i = l,..., p(X) - 2. 
Furthermore, we have 
d,(Tz) = deg(a,), d2(C,) = 1, and (C,, C,) = (2 - k) deg(M,) 
for i = I,..., p( A’) - 2, and 
(r~,,T,*i)=deg(a,-a,)=(T,*i,rl*,) 
for 1 di, j<p(X)-2 (i#j). 
0: = f z, - D - deg(cr,) D’ for i = l,..., p(X) - 2. 
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Then we obtain 
(D,D,*)=(D’,DT)=O 
and 
(D,?, D,*) = -2g deg(a,) for i= l,..., p(X) - 2, 
and 
(D,f+, D,?) = deg(cc, -a,) - deg(cc,) - deg(cr,) = (D,, Oi) 
for all i, j = l,..., p(X) - 2 with i #j. 
To complete the proof, we must show that the set 
{D, D’, 0:; i= l,..., p(X) - 2) form a basis for NS,(X). Since we have 
already one Z-basis {D, D’, fz; i= l,..., p(X) -2) for NS,(X) given by 
Proposition (5.7), if we can find a nonsingular linear transformation from 
this set to the other one, we are done. But from the definition of D,*, we get 
a linear transformation of the form 
1 
1 0 i__)r P(X) * ‘. * . * 1 
P(X) 
whose determinant is obviously 1. Q.E.D. 
(5.9) THEOREM. Let X = C x C where C is a nonsingular projective curve 
over k of genus g >, 1. Suppose that the characteristic polynomial ,f (C, T) is 
irreducible over Q. Then p(X) = 2 + 2g, i-(X) = 2g(2g - 1) and the intersec- 
tion matrix of X has the form 
-2g 
- 2NR 
\ \ \ det( @’ - @) - qEi - qRj \ \ \ 0 \ 
y 2gq”’ 
\ I 
&t(@P’-@j)-q”‘-qK’ ‘A, I 
\ I 
’ _ 2gqR(2Y ~1) I 
-_~~~~~~~~~_----------------- 
0 I 
0 1 
I 10 
(06i<j<2g-l), 
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where det(@‘) denotes the determinant of the I-adic representation (1:prime 
#p) of the endomorphism @’ (@ being the Frobenius endomorphism of J( C) 
relative to k). 
Furthermore, we have 
#WW I det(D;, D,) I = j~~~/~ 
9’ 
l(Xj Discriminant(f‘(C, T)) 
- p -,‘+,,,, Discriminant(f(C, 7)). 
4” 
Proof As f(C, T) is irreducible over Q, the endomorphism algebra 
End,(J(C)) @ z Q = Q(a), and End,(J(C)) is a Z-module of rank 2g 
generated by 1, @, @‘,..., QZRp ‘. It is easy to see that deg(@) = det(@) = qR, 
and that deg(@‘) = det( @) = qg’ for 0 < i 6 2g - 1. By Theorem (5.8), D, D’ 
and 07 = rzi- D-qKiD’; i=O, l,..., 2g- 1 form a basis for NS,(X), and 
this yields the intersection matrix as claimed. The second assertion follows 
from Proposition (3.2)(b). Q.E.D. 
(5.10) EXAMPLE. Consider the surface X= C x C defined in Example 
(2.11) (c). We know that p(X)= 8, l”(X)= 30 and that 
Discriminant(f(C, T)) = 2636731 12. The integer a(X) is computed to be 
a(X)= 3 +s=9-6(X) (so that 6(X)+s=6). Then by Theorem (5.8), we 
have 
#Br(X)ldet(D,, Dj)I =263673116~6(X? 
Now @ has the matrix representation 
Accordingly, @’ (1 < i < 5) are all determined. Thus, the intersection matrix 
ought to be computable. (This computation is currently under way). 
(5.11) Remark. In all of the examples discussed above, the largest 
prime factor of #Br(X) or that of #Br(X) jdet(Di, D,)l does not exceed 
p = char(k). 
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